Mathematical Model
Equation, formula
Mathematical Model

P : pressure V: Volume

n : number of moles

T : Temperature
R : universal gas constant

Assumptions : ideal gas, static and close environment

Statistical Model
Observed data

& — Unobserved measurement errors (random)
Ideal gas law :

pv=nRt+\J, +pd, -9,9, —RtJ, —RnJ, +RJ, I,

Systematic component
Statistical Model{ -+ } Data

Random errors

Model parameter —— Unknown parameter in systematic component
e.g. universal gas constant R

One-way ANOVA

Total sample size
Overall population mean (grand mean)
1

it treatment effect [z
i=1

Random errors iSO iR A

n\al =

ANOVA model
2 na,

=

Mathematical Model

LEEUGECIEV P/ = NRT

Q1 : Is this relationship true?
Q2 : What is the value of the constant R?

Answer these questions by a set of measurements :

(R.V,. T, N,) a2

Analysis of Variance Model (ANOVA)

One-way ANOVA —— Compare multiple populations

:

Assumptions

1. Normal
- R

2n,

2. Equal Variances

3. Independence

Yo YooY,

an,

One-way ANOVA
ANOVA model

Within group
.
—




Test for Treatment Effects Test for Treatment Effects

Break down of sum of squares

o . notallthesame G MS , tends to be large

MS is unaffected by the population means.

Test for Treatment Effects F Distribution

F Densities
n=2r,=4
r=4r,=6
rn=9r,=9
rn=12r,=12

Reject H, if Fy, >F(a-1, N-a, a).

F(a -1,N - a,a) —— Obtained from F distribution table

F Distribution F Distribution Table

Numerator Dogross of Fraedom, 7,

d
« 5 6

005 1614 21p 202 2340
0025 X .51 58 o185 9arat
001 082 ? b 5764 5859
005 : 1930 1933
0028 ! 5 30 393
001 Y . 9330 993
005 3 : 801 894
0028 3 1488 1473
001 5 820 279
005 i . : : 6.6
0025
007
005
0025
001
005
0025
o0 1092
005 a8
0025
0.01




ANOVA Table

=0 vs H,:somea; #0

Test statistic Reject H, if Fy,, >F(a-1, N-a, a).
E

source
N-oa |[ssiw-a | |
[ ot [ s | wr [ ] ]

Computational Formulae

it" total overall total

One-way ANOVA

Example : Color brightness of films

T, = 452 [T, = 576[llT, = 378 [T =1408-573;3 ¥, = 6040

One-way ANOVA

H,:a,=a,=a, vs H,:not H, SIS RCI Ol F (2,42,0.05) = F(2,40,0.05) =3.23

A2 2 2 2 - —
ss, =1363.38200_ 4 378 1408 F - ratio = 46.03 > 3.23
10 15 15 45
> = SILial TR Y Reject H, at @=0.05.
ss, =1085.24 1408~
45 The color brightness of the three brands of films are significantly different.

Estimation Estimation

Treatment effect : o

Point Interval

Example : Color brightness of films

Difference in treatment effects :

Point Interval

95% C.1. For a, - a5
%% C.l.Fora,-a,:
95% C.I. For a; - o, - | EXEIAA]

a, > a
[epan e el Overall confidence < 95%




Two way ANOVA

Example : Brightness of synthetic fabric

Temperature
Time (cycles) 350°F 375°F 400°F
40 38, 32, 30 37, 35, 40 36, 39, 43
50 40, 45, 36 39, 42, 46 39, 48, 47

Two-way factorial ANOVA model:

Yijk :#+a| +ﬂj +yij +£ijk

Za‘ =ZEJ =Zy., =Zyu =0

Interaction

Group mean

ULCSE Non-additive

Time =40

Temperature

Regression

Simple
Linear Linear
Regression —— Model the relationship between dependent
variable and one independent variable

Examples

Dependent variable (V) Independent variable (X)
Job performance Extent of training
Risk of the stock

Overall CGA A-Level Score
Tree age (by C,,) Tree age (by tree rings)

Two way ANOVA

Example : Brightness of synthetic fabric

MIB > ANOVA ' Bri ght'

= Time Tenp Ti me*Tenp

Analysis of Variance (Balanced Designs)

Fact or Type Level s Val ues

Ti e fixed
Tenmp fixed

2
3

40 50
350 375

Anal ysis of Variance for Bright

Sour ce DF
Ti e 1
Tenp 2
Ti me* Tenp 2
Error 12
Tot al 17

Regression

Sir Francis Galton
(1822 - 1911)

150.
80.
3.
186.
420.

- = 5 gygn|f|cant
22 5 0.009 “~
78 5 0. 115

0. 896

Height of Son

Height of Father

Height of the sons of fathers regressed
towards the mean height of the population

Simple Linear Regression

Scatterplot

Regression line

A line well fit the data




Simple Linear Regression Model
DLER (X, ¥,).(X,.Y, ). (XY, }

Yi=a+pX+g i=12. N T N0 o0 ) BT e

Estimation of Model Parameters

Sample statistics

Fitted regression line :

True regression line : E(Y) =a+ X

Fitting Regression Line

X = 400 . .
> x 2 =1400000 fll 3 v;? = 26350
i i=] i=]
3 XY, =184500 : :
i=1

s,, =280000) - (7)(400): | ,, = 11500 (7)(60)¢,, = 16500~ (7)(400)(60)
i=1 i=l

6500
80000

STV Y = 36.43 + 0.059X

=0.059 a = 60 - (0.059)(400) = 36.43

Simple Linear Regression Model

Example : Y = Height of son (in cm)
X = Height of father (in cm)

More reasonable relationship : [\ EIRLGEE

169.3

Crtimnntna tha vamnvanninn lina

Fit a regression line to the data

Observed Unobserved Unobserved Observed

Fitting Regression Line
Example : Study of how wheat yield depends on fertilizer.
X = Fertilizer (in Ib/acre) Y = Yield (in bu/acre)

7 7
Z X7 =1400000 =26350
i=1 i=1

Fitting Regression Line

¥ =36.43+0.059X Prediction

» =650
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Association # Causation

Example : Price and Demand for gas
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Nonlinear Relationships

than a ine.
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Scatterplot of Gas Data
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Test For Regression Effect Test For Regression Effect
:
Y= 457:53 ora X e consan for e X GIE RIS Random Error

Residuals i —a-pX,

Decomposition of Variation

Variation of Y Explained Unexplained
variation variation

Test For Regression Effect Test For Regression Effect

Break down of sum of squares

Unexplained deviation: Y— ¢
.

o Y- ¥ Total

. .
Explained deviatiop=¥— ¥ deviation

Total sum of squares |SS=%

) g2 oo
Regression sum of squares  EINETRINE S—y()2 P-v)
SZ
Error sum of squares  [SSESIE REIMER IS S”y

Test For Regression Effect Test For Regression Effect

Hy:f=0vs H :B#0 Example : Wheat yield example
SR

Ms :51 = 58, EECIESS NI = 36.43 +0.059X

-
Test statistic Reject H, if Fy,s >F(1,n-2, a)
E

ANOVA table | mso | e [ [ ]
=

Regression 51 M5, F(1,5,0.05) = 6.61 < 27.805
| evor [ s, | n-2 [ssin-2) | |

[ ]

Reject H, at a=0.05.




Coefficient of Determination

Strong relationship > High prediction power

— Explained variation

~ Total variation

No linear relationship Perfect linear relationship

Example : |8 = 97468 _ =84.8%
1150

C.l. For Regression Parameters

100(1- % C.. fo fse

100(1 - a)% C.I. for a att, ., [MS [

Large S,, —— More accurate estimates

Prediction

Predict the value of Y at a fixed value of X =X,

Point prediction :

100(1 - )% prediction interval (P.1.)

1 _72
Y, £t MS|1+=+20 2/
0 nza/2 [ n 5

Coefficient of Determination

C.l. For Regression Parameters

Example : Wheat yield example

SV TN Y = 36.43 + 0.059X

(o [amam | s | wmow |
[ow | weo | s | |

[35.064

" .
C1L7X o W (o) Ol [0.0302, 0.0878] ~- 8] 50000

riz
LN AR (o - Sl (32,892, 37.236]35 64) * + (a00)
T 7 280000

Prediction
Example : Wheat yield example

SV Y = 36.43 + 0.059X

T B T T
1| s | e |
T [ mow ||
w0 | e | | |

FNSOEWI N ', = 62.98+(0.059)(450)

90% prediction interval — |EONEEREN:INE
\




Prediction Multiple Linear Regression

Example : Fuel consumption data

Data Display

Row State POP NI C I'NC ROAD FUELC

1029 9.00 540 3.571 1.976 557 52. 4
771 9. 00 441 4.092 1.250 404 57.

NC + ,ROAD +

3!
1408
6312
3439
5528
5375
3068
5301

CENOO B WN R

Multiple Linear Regression

Example : Fuel consumption data

Anal ysi s of Variance

SOURCE DF

Regr essi on 4 3991.
Error 43 1892.
Tot al 47 5883.

Unusual Oobservations

Qbs. TAX FUEL Fit Fit Residual St.Resid
37 5.0 63.963 64.758 3.723 -0.795 -0.14 X
40 7.0 96.812 73.371 2.102 23.441 3. 73R

R denotes an obs. with a large st. resid.
X denotes an obs. whose X value gives it large influence.




