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Joint Distribution
randomly draw 3 balls

X = no. of red balls
Y = no. of white balls

{ }3,2,1,0

{ }3,2,1,0

Prob.

3210X

Prob.

3210Y

( ) 3818.00Pr
312

39 ===
C
CX

0.3818

( ) 4909.01Pr
312

2913 =
×

==
C

CCX

0.4909

( ) 1227.02Pr
312

1923 =
×

==
C

CC
X

0.1227

( ) 004545.03Pr
312

33 ===
C
C

X

0.004545

0.2545 0.5091 0.2182 0.01818

Joint Distribution
randomly draw 3 balls

X = no. of red balls
Y = no. of white balls

{ }3,2,1,0

{ }3,2,1,0

( ) 04545.00,0Pr
312

35 ====
C
CYX

3

2

1

0

3210X          Y

0.04545

( ) 08182.02,1Pr
312

2413 =
×

===
C

CCYX

0.08182

( ) 06818.00,2Pr
312

1523 =
×

===
C

CCYX

0.06818

0.1818 0.1364 0.01818

0.1364 0.2727 0
0.05455 0 0

0000.004545

Joint Probability Mass Function
( ) ( )yYxXyxp === ,Pr,

( ) 30 ,   ,
312

3543 ≤+≤
××

= −− yx
C

CCC
yxp yxyx

Joint pmf

Example : 

0000.045453

000.054550.068182

00.081820.27270.13641

0.018180.13640.18180.045050

3210X          Y

0.04545

0.1227

0.4909

0.3818

Total

10.018180.21820.50910.2545Total

( )0Pr =Y ( )1Pr =Y ( )2Pr =Y ( )3Pr =Y

( )0Pr =X
( )1Pr =X
( )2Pr =X
( )3Pr =X

Marginal Probability Mass Function
( ) ( ) ( )∑===

y
X yxpxXxp ,Pr

( ) ( ) ( )∑===
x

Y yxpyYyp ,Pr

Example :
( ) 3,2,1,0 ,   

312

393 =
×

= − x
C

CCxp xx
X

( ) 3,2,1,0 ,   
312

394 =
×

= − y
C

CC
yp yy

Y

Independence

( ) ( ) ( )ypxpyxp YX=,
X and Y are independent if 

for all x,y

0000.045453

000.054550.068182

00.081820.27270.13641

0.018180.13640.18180.045050

3210X          Y

0.04545

0.1227

0.4909

0.3818

Total

10.018180.21820.50910.2545Total

Example :

X and Y are related (not independent).2545.03818.004505.0 ×≠

00013

000.44440.55562

00.16670.55560.27781

0.04760.35710.47620.11900

3210X          Y

1

1

1

1

Total

10.018180.21820.50910.2545Total

Example :

Conditional pmf     ( ) ( )
( )xp
yxpxyp

X

,| =

Independence
Example :

0.150.240.240.1240

0.050.080.080.0420

80402010X       Y

10.200.320.320.16pY(y)

0.75

0.25

pX(x)

04.025.016.0 =× 08.025.032.0 =× 08.025.032.0 =× 05.025.020.0 =× 12.075.016.0 =× 24.075.032.0 =× 24.075.032.0 =× 15.075.020.0 =×

X and Y are independent !
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Mathematical Expectation
Example : (X, Y) = height and weight of a random man

10.180.280.330.21pY(y)

0.1

0.05

0.03

90

0.240.070.050.021.9

0.490.150.20.091.8

0.270.060.080.11.7

pX(x)858075X       Y

Joint distribution

( ) ( )( ) ( )( ) ( )( ) 797.124.09.149.08.127.07.1 =++=XE

( ) ( )( ) ( )( ) ( )( ) ( )( ) 15.8218.09028.08533.08021.075 =+++=YE

( ) 797.1=XE

( ) 15.82=YE

?2 =








X
YE ( ) ( ) ( ) ( )

5191.25

1.0
9.1

9007.0
9.1

8508.0
7.1

801.0
7.1

75
22222

=








+






++






+






=







�

X
YE

( ) ( )2XEYE≠

( ) ( )( ) ( )( )1.0908.09.1361.0758.07.1368.036 ×+×+×+×=+ �YXE
412.130=
( ) ( )YEXE 8.036 +=

Mathematical Expectation
( ) ( ) ( )YEXEYXE 4343 +=+

( ) ( ) ( ) ( )XYEYEXEXYYXE 52log752log7 22 +−+=+−

( ) ( ) ( )YEXEXYE ≠In general, ( ) ( ) ( )YEXEYXE ≠

If  X  and  Y  are independent, then
( ) ( ) ( )YEXEXYE =

( ) ( ) ( )YEXEYXE 22 =

( ) ( ) ( )YEXEYXE 1=

Covariance

Example : (X, Y) = height and weight of a random man

10.180.280.330.21pY(y)

0.1

0.05

0.03

90

0.240.070.050.021.9

0.490.150.20.091.8

0.270.060.080.11.7

pX(x)858075X       Y

Joint distribution 797.1=xµ

15.82=yµ

xµ

yµ

( )( ) 0>−− yx YX µµ

( )( ) 0>−− yx YX µµ ( )( ) 0<−− yx YX µµ

( )( ) 0<−− yx YX µµ

( )( )[ ] 0>−− yx YXE µµ=xyσ

Covariance

Example : (X, Y) = height and weight of a random man

10.180.280.330.21pY(y)

0.1

0.05

0.03

90

0.240.070.050.021.9

0.490.150.20.091.8

0.270.060.080.11.7

pX(x)858075X       Y

Joint distribution

( ) 797.1=XE

( ) 15.82=YE

( ) ( )( )[ ]yxxy YXEYXCov µµσ −−== , ( ) yxXYE µµ−

( ) ( )( )( ) ( )( )( ) ( )( )( ) 745.1471.0909.108.0807.11.0757.1 =+++= �XYE

( ) ( )( ) 12145.015.82797.1745.147, =−=YXCov +ve correlated

Covariance

0>xyσ 0<xyσ

0=xyσ 0=xyσ

Dependent Independent

Covariance
X and Y independent ⇒ ( ) ( ) ( )YEXEXYE =( ) 0, =YXCov

⇐ ?

Example :

1/301/302

1/3

0

1/3

30

11/31/3Marginal

0001

2/301/30

Marginal2010No. of dates

Income ($1000)

( ) ( )
3
40202300100

3
1 =×+×+×=XYE

( )
3
22

3
10

3
2 =×+×=XE

( ) ( ) 20302010
3
1 =++=YE

( ) 020
3
2

3
40, =×−=YXCov

( ) ( ) ( )10,0Pr
9
210Pr0Pr ==≠=== YXYXX and Y are not independent!

X and Y are uncorrelated
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Correlation Coefficient
Magnitude of  σxy depends on the scale of X and Y.

( ) ( )YXacCovdcYbaXCov , , =++

Standardized by standard deviations of X and Y :

( )
( ) ( )YVarXVar

YXCov ,( ) == YXCorr ,ρ Correlation coefficient

11 ≤≤− ρ

( ) ( ) ( )YXCorracsigndcYbaXCorr , , =++

X and Y independent ⇒ ρ = 0⇐

Correlation Coefficient
Example : (X, Y) = height and weight of a random man

10.180.280.330.21pY(y)

0.1

0.05

0.03

90

0.240.070.050.021.9

0.490.150.20.091.8

0.270.060.080.11.7

pX(x)858075X       Y

Joint distribution

12145.0=xyσ

( ) 797.1=XE

( ) 15.82=YE

( ) ( )( ) ( )( ) ( )( ) 2343.324.09.149.08.127.07.1 2222 =++=XE ( ) 005091.0797.12343.3 2 =−=XVar

( ) ( )( ) ( )( ) ( )( ) ( )( ) 25.677418.09028.08533.08021.075 22222 =+++=YE ( ) 6275.2515.8225.6774 2 =−=YVar

( )
( ) ( )YVarXVar

YXCov ,=ρ
( )( )

3362.0
6275.25005091.0

12145.0 = Slightly +ve correlated

Linear Combination of Random Variables
( ) ( ) ( )YbEXaEbYaXE +=+

( ) ( ) ( ) ( )YXabCovYVarbXVarabYaXVar ,222 ++=+

Example :  X = husband’s income       Y = wife’s income
( ) 20=XE ( ) 16=YE

( ) 60=XVar ( ) 70=YVar ( ) 49, =YXCov

Total income :  S = X + Y

( ) ( ) ( ) 361620 =+=+= YEXESE

( ) ( ) ( ) ( )YXCovYVarXVarSVar ,2++=( ) 2284927060 =×++=SVar 1.15228 ==Sσ

Linear Combination of Random Variables
Example: investment

0.4

10%

0.30.20.1Probability

20%0%-10%Return on Stock

0.2

10%

0.60.2Probability

8%6%Return on Bonds

( ) %9=SE

( ) %8=BE

( ) 2% 89=SVar

( ) 2% 6.1=BVar

10.30.40.20.1Margin

0.2000.10.110%

0.60.20.30.108%

0.20.10.1006%

Margin20%10%0%-10%B      S

( ) ( )( )( ) ( )( )( ) ( )( )( ) 64010200600610 =+++−= �SBE ( ) 88964, −=×−=BSCov

( ) 2% 8, −=BSCov

( )BppSR −+= 1 Portfolio
( ) ( ) ( ) ( )BEpSpERE −+= 1( ) ( )ppRE −+= 189( ) pRE +=8

( ) ( ) ( ) ( ) ( ) ( )BSCovppBVarpSVarpRVar ,121 22 −+−+=( ) ( ) ( )ppppRVar −−−+= 11616.189 22( ) 6.12.196.106 2 +−= ppRVar

( ) 8576.0           09.8          09.0 R === σREp

Population and Sample
Population

Sample

2,σµ Population parameters

2,SX Sample Statistics

2,SX 2,σµInference

Sample

Population and Sample
Population

6=µ

82 =σ

Sample 
(with replacement)

Sample Mean Sample Variance

{ }21 , XX
2

21 XXX += ( ) ( ){ }2

2

2

1
2

12
1 XXXXS −+−
−

= ( )
2

2
212 XXS −=

……………….

2 0 Prob = 1/25

3 2 Prob = 2/25

6 8 Prob = 2/25
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Population and Sample

0.08

9 108765432

0.040.120.160.20.160.120.080.04Prob

X

Sampling distributions

0.080.160.240.320.2Prob

32188202S

( ) 04.01008.0304.02 ×++×+×= �XE( ) µ== 6XE

( ) 08.03232.022.002 ×++×+×= �SE( ) 22 8 σ==SE
Unbiased

( ) ( ) 24 =⇒= XVarXVar ( ) ( ) 295.94.86 22 =⇒= SVarSVar

Very Simple Random Sample (VSRS)
{ }nXXX ,...,, 21

(very simple) random sample

Each X drawn from same population (distribution)

X’s are independent

( ) µ=XE ( )
n

XVar
2σ= ( )

n
XVarSE σ==

standard 
error

Example : Final examination scores 8.71=µ 2.1952 =σ

For a VSRS of 4 students : ( ) 8.71== µXE 0.7
4

2.195 ===
n

SE σFor a VSRS of 16 students : ( ) 8.71== µXE 5.3
16

2.195 ===
n

SE σ

Sampling Distribution
Population

{ }21 , XX

0.08

9 108765432

0.040.120.160.20.160.120.080.04Prob

X

Sampling distributions

0.080.160.240.320.2Prob

32188202S

VSRS

Sampling Distribution
Population

{ }21, XX
VSRS

Dist. of 2S

X 2S

Dist. of X

Normal Population
Population ( )2,σµN

µ

{ }nXXX ,...,, 21

VSRS

Dist. of ( )
2

21
σ

Sn −

2
1−nχ

Dist. of X









n
N

2

,σµ

µ

X 2S

Normal Population
Example : measurement  X , true value  µ

X ~ N (µ , 0.01)

( ) 






 >−=>−
1.0

05.0
1.0

Pr05.0Pr µµ XX ( )( ) 617.05.012 =Φ−=

Take 10 measurements independently.  (VSRS with n = 10)










10
01.0,~ µNX

( )













>−=>−

101.0
05.0

101.0
Pr05.0Pr µµ XX ( )( ) 1142.058.112 =Φ−=
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Simple Random Sample (SRS)
{ }nXXX ,...,, 21

simple random sample

Sampling without replacement from population (size N)

Equal probability for each possible sample

( ) µ=XE ( )
nN

nNXVar
2

1
σ










−
−= ( )

nN
nNXVarSE σ
1−

−==
standard 

error

1
1

≤
−
−

N
nN Finite population correction factor

Simple Random Sample
Population

6=µ

82 =σ

Sample 
(without replacement)

Sample Mean Sample Variance

{ }21 , XX
2

21 XXX += ( )
2

2
212 XXS −=

……………….
6 8 Prob = 1/10

3 2 Prob = 1/10

4 8 Prob = 1/10

Simple Random Sample

9876543

0.10.10.20.20.20.10.1Prob

X

Sampling distributions

0.10.20.30.4Prob

3218822S

( ) 1.091.041.03 ×++×+×= �XE( ) µ== 6XE

( ) 1.0323.084.022 ×++×+×= �SE( ) 22 10 σ≠=SE

Unbiased

( ) ( ) 732.13 =⇒= XVarXVar ( ) ( ) 38.988 22 =⇒= SVarSVar

Biased

Sampling Distribution (SRS)
Population

{ }21, XX
SRS

Dist. of 2S

X 2S

Dist. of X

small n

X

moderate nVery large n

Central Limit Theorem

Arbitrary population
(mean µµµµ , variance σσσσ2)

{ }nXXX ,...,, 21

VSRS

Central Limit Theorem

Arbitrary population
(mean µµµµ , variance σσσσ2)

{ }nXXX ,...,, 21

VSRS

( ) ∞→→− nN
n

X L  as              1,0
σ

µ

( ) 






 −Φ≈≤
n

ccX
σ

µPrFor large n

( ) 






 −Φ=≤
σ

µccX
?

Pr

Normal approximation
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Normal Approximation
Example : Monthly income

0.05
20000

0.03
30000

0.01
40000

0.010.10.150.250.4Prob
60000150001000070004000Income

( ) ( )( ) ( )( ) ( )( )01.06000025.070004.04000 +++== �XEµ ( ) 9250== XEµ

( ) ( )( ) ( )( ) ( )( )01.06000025.070004.04000 2222 +++= �XE( ) 1551500002 =XE ( ) 22 9250155150000 −== XVarσ ( ) 695875002 == XVarσ

( ) 8342== XVarσ

For a VSRS with size 100 








100
8342,9250~

2.

NX

( ) ( ) 1841.090.01
108342
925010000110000Pr =Φ−=







 −Φ−≈>X

( ) ( ) 4641.009.01
8342

925010000110000Pr =Φ−=






 −Φ−≈>X( ) 2.001.001.003.005.01.010000Pr =++++=>X

Normal Approximation
Normal approximate binomial

( )π,~ nbY
n large

( ) ( )1,0~
1

.

N
n

nY
ππ

π
−

−

Example : ( )25.0,35~ bY

( ) 75.825.035 =×=YE ( ) 5625.675.025.035 =××=YVar

( ) 






 −Φ−






 −Φ≈≤≤
5625.6

75.87
5625.6

75.815157Pr Y( ) ( ) ( )683.0440.2157Pr −Φ−Φ≈≤≤ Y( ) ( ) 7454.07527.019927.0157Pr =−−≈≤≤ Y

By exact calculation,

( ) ( ) ( ) 8018.075.025.0157Pr
15

7

35
35 ==≤≤ ∑

=

−

y

yy
yCY

Normal Approximation

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0 5 10 15 20 25 30 35

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0 5 10 15 20 25 30 357

( )( )1525.0,357Pr ≤≤ b ( )( )155625.6,75.87Pr ≤≤ N

6.5 15.5Continuity correction

Continuity Correction
Approximate discrete distribution by continuous distribution

( )cX ≤Pr ( )5.0Pr +≤ cX

( )cX <Pr ( )5.0Pr −≤ cX

( )cX ≥Pr ( )5.0Pr −≥ cX

( )cX >Pr ( )5.0Pr +≥ cX

Example : ( )25.0,35~ bY ( ) 75.8=XE ( ) 5625.6=XVar

( ) 






 −Φ−






 −Φ≈≤≤
5625.6

75.85.6
5625.6

75.85.15157Pr Y( ) ( ) ( )878.0635.2157Pr −Φ−Φ≈≤≤ Y( ) ( ) 8058.08100.019958.0157Pr =−−≈≤≤ Y

By exact calculation, ( ) 8018.0157Pr =≤≤ Y

Normal Approximation
Normal approximate Poisson

( )θ℘~Y
θ large

( )1,0~
.

NY
θ
θ−

Example : ( )30~℘Y

( ) 






 −Φ−






 −Φ≈≤≤
30

305.23
30

305.393924Pr Y( ) ( ) ( )187.1734.13924Pr −Φ−Φ≈≤≤ Y( ) ( ) 841.08824.019586.03924Pr =−−≈≤≤ Y

By exact calculation,

( ) 8391.0
!
303924Pr

39

24

30

==≤≤ ∑
=

−

y

y

y
eY

By normal approximation with continuity correction,

Normal Approximation
Normal approximate Chi-Square

2~ rY χ
r large

( )1,0~
2

.

N
r
rY −

Example : 2
80~ χY

( ) 






 −Φ−






 −Φ≈≤≤
160

8039.60
160

8058.9658.9639.60Pr Y( ) ( ) ( )550.1311.158.9639.60Pr −Φ−Φ≈≤≤ Y( ) ( ) 8445.09394.019051.058.9639.60Pr =−−≈≤≤ Y

From Chi-Square distribution table,

( ) 85.005.09.058.9639.60Pr =−=≤≤ Y

Note : no continuity correction is need as Chi-Square is continuous


