Joint Distribution Joint Distribution

f—\randomly draw 3 balls f—\randomly draw 3 balls

X = no. of red balls X = no. of red balls
Y = no. of white balls Y = no. of white balls

Joint Probability Mass Function Marginal Probability Mass Function
p(x,y)=Pr(X = x,Y = y) e g1 P (X)=Pr(X =x)= > p(x.y)

3C%4Cy % Cqy
Example : p(x,y):% P (y)=Pr(y =y)= p(xy)

Example : .C.%,Cy,

Independence Independence
X and Y are independent if Example :
p(x,¥) = p, (x)p, (v) EREEVESY

Example :

0.20x0.75=0.15

Xand Y are independent !




Mathematical Expectation Mathematical Expectation
Example : (X, Y) = height and weight of a random man E(3X +4Y)=3E(X)+4E(Y)

Joint distribution
] 5 [ @ [ & [ % o] E(7109 X —2Y? +5/XY)=7E(I0g X) + 26 (v )+ SE[VXY)
[ 57 | o1 | 008 [oos | 003 [ o | ECHEREER in general, ECOEEQED  EODEEGIED)

E(Y)=82.15 .
If X and Y are independent, then

u E(xy)=E(X)E(Y)

E(36X +0.8Y) = (36x1.7 + 0.8x75){0.1) +--- (36 x1.9 + 0.8x 90)(0.L) S
Uxt) L7 21304120 S L1gt S (167 ) EDCY )= EQCIELY

=2551=36E(X)+0.8E(Y) E(X/Y)=E(X E@Y)

£E(Y)/E(X)

Covariance Covariance
0, =Cov(X,Y)= E(XY )-p, p,

Example : (X, Y) = height and weight of a random man
Joint distribution

(X=p )l -,)>0

E(v)=82.15

E(XY) = (1.7)(75)(0.2) + (1.7)(80)(0.08) + --- + (L.9)(90)(0.1) =147.745
Cov(X,Y)=147.745 - (1.797)(82.15) = 0.12145 [EAVNNe ¢ EYC!

Covariance Covariance

XandY independent = COV(X ,Y) = O)E(Y)

Example : Income ($1000)

[ o [ o |
| 2 [ o [ws ] o [ ws |

CEMEECBIIIEIEEERSY X and Y are uncorrelated

Dependent Independent Xand Y are not independent!




Correlation Coefficient Correlation Coefficient

Magnitude of @, depends on the scale of X and Y. Example : (X, Y) = height and weight of a random man

Joint distribution
Cov(aX +b,cY + d) = acCov(X ,Y)

Standardized by standard deviations of X and Y : ' )

Cov(X,Y

PRI GOtV Correlation coefficient : o7 | o1 | @y SQIAVE
WVar(Xar(Y) - - - -

Corr(aX +hb,cY +d)=sign(ac)Corr(X,Y)

) = 6774.25

p 012185 o )
X and Y independent 2 p=0 J(0.005001)(25.6275) Slightly +ve correlated

Linear Combination of Random Variables Linear Combination of Random Variables
E(aX +bY)=aE(X )+bE(Y Example: investment
Var(aX +bY)=a?ar(X)+b?Var(Y)+ 2abCov(X,Y)
Example : X =husband’s income Y = wife’s income
X)=20 E(Y)=16
Var(X ) =60[Var(Y )= 70l Cov(X Y ) =49
Total income: S=X+Y
E(S)=E(X)+E(Y)=20+16=36

Var(S) =60 +70 +2x 49 = 228}ov(X, Y )|o, =228 =15.1

Population and Sample Population and Sample

Population Population

— Population parameters

Sample Sample Mean  Sample Variance
(with replacement)

A Inference

m m =050 x5
) 2 0 Prob = 1/25
® Y 3 2 Prob = 2/25

Sahp|e — Sample Statistics ‘ | 6 8 Prob = 2/25




Population and Sample Very Simple Random Sample (VSRS)

Sampling distributions —— (very simple) random sample

Each X drawn from same population (distribution)

> X’s are independent

_ = 2 B standard
Example : Final examination scores 0% =195.2

For a VSRS of 16 students : SE % =35

Sampling Distribution Sampling Distribution

Population Population

Sampling distributions

Dist. of X o] Dist. of s*

Normal Population Normal Population

Population  N(u.0") Example : measurement X , true value u

Dist. of X Dist. of (-1

2
Xoa




Simple Random Sample (SRS) Simple Random Sample
[CEME®] —— simple random sample Population

Sampling without replacement from population (size N)

> Equal probability for each possible sample

— —n\o? — = standard Sample Sample Mean  Sample Variance
E(X)= \/ar(X Nonjo SE:V;"’“(X)= don o E (without replacement)
H N-1)n N-1Jn error o .
r-5 (o)
17 2 2

N 2 Prob = 1/10
N il — Finite population correction factor g% .
N I 4 8 Prob = 1/10

8 Prob = 1/10

Simple Random Sample Sampling Distribution (SRS)

Sampling distributions Population

SRS
g

Dist. of X Dist. of s*

E(X)=6=10.1+4x QENNESSD. 1]
E(5?)=10# 0% +8x O SIERIP x 0.1}

Central Limit Theorem Central Limit Theorem

Arbitrary population Arbitrary population VSRS
(mean u, variance @) (mean u, variance @)

X -y
WD& N(02)

Very large n
c-

For large n Pr(X < C)Z“’[ﬁ} —— Normal approximation
A DEzeg
A




Normal Approximation Normal Approximation

Normal approximate binomial

lar —
Ba— )

Example : Monthly income

Example
_ 83427 E(Y )=35x%0.25=8.75 Var(Y )=35x0.25x0.75 = 6.5625
g X ~ N(QZSO,W

/1c o 7eN\ 7,
_ Pr(7 <Y <15)=0.9927 - (L - 0.7527) =
r(X >10000)=1- m(%] =1-®(0.90)=0.1841 ( )=0¢ G i w)u;aozo )

Normal Approximation Continuity Correction

Approximate discrete distribution by continuous distribution
qP(x <c05)
P (<= c-05)

SET (o] [ Y ~ b(35,0.25 E(X)=8.75Var(X )= 6.5625|

Pr{7<Y <15)=0 ~0.8100) =0.8058

\U V0.00£2

/ME R —Q 7R\ /RE_Q7E)
By exact calculation,  [F{(EDENELE]
Continuity correction ———  15.

Normal Approximation

Normal approximate Poisson

Normal Approximation

Normal approximate Chi-Square

lar |
ol : v - L.
Example :  [EEIED

Example :
5 . - P . /QR RQ —an\ /AN 20 —Qan
By normal approximation with continuity correction, Pr(60.39 <Y <96.58)=0.9051 - (1 - 0.9304) = 0.844 )
Pr(24 <Y< 39): 05’5‘3(‘5—— (?LA—\O.SSéZ)":'—O.S’r Note : no continuity correction is need as Chi-Square is continuous
= = —VOU ) v V3L

By exact calculation,

From Chi-Square distribution table,
39 a=3020Y
Pr2a<y <39)= ¢ jO =0.8391 Pr(60.39 <Y <96.58)=0.9 - 0.05=0.85
y=24 H




