
1

X = No. of Boys
3 1

0

2

1

2

1
2

X(BBB) = 3
X(GBG) = 1
X(GGG) = 0

……

Y = Difference in no.
of each gender

3 1 1

3
1

1 1
1

Y(BBB) = 3
Y(GBG) = 1
Y(GGG) = 3

Random Variables
Example: genders of 3 children

BBB

BBG

BGB BGG
GBB

GBG GGB

GGG

{ } { }GBBBGBBBGX  , ,2 == ( ) { }( ) 375.0,,Pr2Pr === GBBBGBBBGX

{ } { } φ=== 2Y ( ) ( ) 0Pr2Pr === φY

Probability Mass Function
Pr(X = 0) = Pr({GGG}) = 0.125
Pr(X = 1) = Pr({BGG, GBG, GGB}) = 0.375
Pr(X = 2) = Pr({BBG, BGB, GBB}) = 0.375
Pr(X = 3) = PR({BBB}) = 0.125

p (0) =
p (1) =
p (2) =
p (3) =

Space of X : { }3 ,2 ,1 ,0=N

Properties of pmf

( ) 0  .1 ≥xp ( ) 1  .2 =∑
∈ Nx

xp ( ) ( )∑
∈

=∈
Ax

xpAXPr  .3

pmf of X : ( )
( )
( )
( ) 125.03

375.02
375.01
125.00

=
=
=
=

p
p
p
p( ) ( ) 3,2,1,0 ,       5.0

3 3 =







= x

x
xp

pmf of X : 

Mathematical Expectation
Example: Sic Bo (��) Toss 3 fair dice

Bet option 2 : win $k if there are k dice faced up as six, otherwise lose $1

Bet option 1 : win $24 if same number on three dice, otherwise lose $1

X = gain by     in one game

( )
36
124Pr ==X ( )

36
351Pr =−=X

In 3600 games, gain
( ) 11003500110024 −=×−+×

Average gain per game

3056.0
3600
1100 −=−

Average gain per game

( ) ( )

( ) ( ) ( )
3056.0

1Pr124Pr24
3600

3500110024   

−=
−=×−+=×=

×−+×

XX

E(gain by    ) = -7.87%

E(gain by    ) = -30.56%

Better strategy :Best strategy : don’t bet!

Mathematical Expectation
( ) ( )∑

∈
=

Nx
xxpXEExpected value of random variable X

( ) ( )∑
∈

=
Nx

xpxXE 22
Expected value of X 2

( ) ( ) ( )∑
∈

=
Nx

xpxXE loglogExpected value of log( X )

( ) 55 =E

( ) ( ) ( ) ( )XEXEXEXXXE 10351035 22 −+=−+

( ) 7.37.3 =E

( ) ( )22 XEXE ≠ ( ) ( )XEXE loglog ≠ ……

Mean and Variance
Example: investment

0.4

10%

0.30.20.1Probability

20%0%-10%Return on Stock

0.2

10%

0.60.2Probability

8%6%Return on Bonds

( ) %9=SE

( ) %8=BE

( ) ( )( ) ( )( ) ( )( ) ( )( ) 93.0204.0102.001.010 =+++−=SE ( ) ( )( ) ( )( ) ( )( ) 82.0106.082.06 =++=BE( )[ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 893.0114.012.091.0199 22222 =++−+−=−SE

( )[ ] 22 % 899 =−SE

( )[ ] ( ) ( ) ( ) ( ) ( ) ( ) 6.12.026.002.028 2222 =++−=−BE

( )[ ] 22 % 6.18 =−BE

Population Mean :

Population Variance :

( )XE=µ

( ) ( )[ ]22 µσ −== XEXVar

( ) 2% 89=SVar

( ) 2% 6.1=BVar

( ) 22 µ−= XE

Mean and Variance

n
f ( )xp

∑ 






=
n
fxX ( )∑= xxpµ

( )∑ 






−=
n
fXxSD 22 ( ) ( )∑ −= xpx 22 µσ

Variance

Mean

Population
Use pmf

Sample
Use relative frequency

( ) ( ) cXaEcaXE +=+

( ) ( )XVaracaXVar 2=+

cXacaX +=+
222
XcaX SaS =+
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Mean and Variance
Example : water flow

i

ii iii
A B

( ) ( ) ( ) 8.0open Propen Propen Pr === iiiiii

Y = no. of open paths from A to B Y ∈ { 0,1,2 }

( ) ( )2Pr2 == Yp( ) ( )open allPr2 =p( ) 8.08.08.02 ××=p( ) 512.02 =p ( ) ( )0Pr0 == Yp( ) ( )( )close or   and close Pr0 iiiiiip =( ) ( )8.08.012.00 ×−×=p( ) 072.00 =p ( ) ( ) ( )2011 ppp −−=( ) 416.01 =p

( ) 512.02416.01072.00 ×+×+×=YE( ) 44.1=YE ( ) 512.02416.01072.00 2222 ×+×+×=YE( ) 464.22 =YE ( ) ( )244.1464.2 −=YVar( ) 3904.0=YVar

YX 80=
( ) ( ) 2.11580 == YEXE ( ) ( ) 56.2498802 == YVarXVar

X is said to have a binomial distribution with n trials 
and success probability π

Binomial Distribution
Bernoulli Experiment/Trial

1 - πFail

πSuccess

ProbabilityPossible outcome

H/T B/G

A B C D E

Correct / Wrong Sup / Opp Def / Non-def

X = No. of successes in n independent Bernoulli trials

( )π,~ nbX

Binomial Distribution

14641No. of combinations

(0.2)4(0.2)3(0.8)(0.2)2(0.8)2(0.2)(0.8)3(0.8)4Prob.

SSSSSSSF
SSFS
SFSS
FSSS

SSFF
SFSF
SFFS
FSSF
FSFS
FFSS

SFFF
FSFF
FFSF
FFFS

FFFFOutcome

43210Value of X

Example: n = 4, π= 0.2

4C0 4C1 4C2 4C3 4C4

( ) ( ) ( ) ( ) 4,3,2,1,0,    8.02.0Pr 4
4 ==== − xCxXxp xx

x

( ) 4096.00 =p ( ) 4096.01 =p ( ) 1536.02 =p

( ) 0256.03 =p ( ) 0016.04 =p

Binomial Distribution

( ) ( ) ( ) nxCxXxp xnx
xn ,...,1,0 ,   1Pr =−=== −ππ

( )π,~ nbX

( )( ) ( )∑
=

−−=−+=
n

x

xnx
xn

n C
0

111 ππππ Binomial Theorem

1

( )nπ−1 ( ) 1
1 1 −− n

n C ππ ( ) 22
2 1 −− n

n C ππ nπ……
X = 0 X = 1 X = 2 X = n

( ) ( ) ( )πππ −== 1          ,        nXVarnXE

Binomial Distribution
Example: 50 Multiple choice questions

A B C D E
Correct: 2 marks     Incorrect: -1 mark

X = no. of correct answers by pure guess

Y = score of the test by pure guess

( )2.0,50~ bX ( ) ( )( ) 102.050 ==XE ( ) ( )( )( ) 88.02.050 ==XVar

( ) ( ) ( ) ( ) 02992.08.02.01515Pr 3515
1550 ==== CpX

( ) ( ) ( ) 0607.09393.01115Pr
14

0

50

15
=−=−==≥ ∑∑

== xx
xpxpX ( ) ( ) 5035012 −=−×−+×= XXXY

( ) ( ) ( ) 2050103503503 −=−×=−=−= XEXEYE

( ) ( ) ( ) 72899503 =×==−= XVarXVarYVar

( ) ( ) ( ) 9856.016Pr0503Pr0Pr =≤=<−=< XXY

( ) ( ) ( ) 030Pr40503Pr40Pr ≈≥=≥−=≥ XXY

Poisson Distribution
Example: no. of customers arrived before time t ( )tN

( )( ) ?Pr == xtN

0time t
h = t / n

n  intervals

Assumptions :

1. Independence of non-overlapping time intervals

2. Customers won’t cluster in a short interval

3. Probability of arrival in a short interval ∝ length of interval

( )( ) ( ) ( ) xnx
xn hhCxtN −−== λλ 1Pr ( )( ) ( ) ,...2,1,0 ,     

! 
Pr ===

−

x
x

textN
xt λλ



3

Poisson Distribution
( )θ℘~Y

( ) ( ) ,...2,1,0 ,   
! 

Pr ====
−

y
y

eyYyp
yθθ

Poisson process : N ( t ) = no. of occurrences within [ 0, t ]

λ = average number of occurrences per unit time

( ) ( )ttN λ℘~

( ) ( ) θ== YVarYE

Poisson Distribution
Example : average 3 phone calls per hour

time unit = 1 hour,   λ = 3

( ) ( )( ) 224.0
! 2
321Prhour onein  calls phone 2Pr

23

====
−eN

( ) ( )( )

801.0
! 1
3

! 0
31

21Prhour onein  calls phone 2least at Pr
1303

=−−=

≥=
−− ee

N

( ) ?hours 2in  calls phone 8 than lessPr =

( ) ( )6~2 ℘N ( )( ) 744.0
! 
672Pr

7

0

6

==≤ ∑
=

−

y

y

y
eN

Poisson Approximation to Binomial

If  n is large and π is small,
binomial can be approximated by Poisson.

( ) ( )ππ nnb ℘≅,

( ) ( ) ( )
! 

1
x
neCxp

xn
xnx

xn

πππ
π−

− ≈−=

Example : ( )001.0,8000~ bX

( ) ( ) ( )∑
=

−=≤
7

0

8000
8000 999.0001.07Pr

x

xx
xCX( ) 4530.0

! 
87Pr

7

0

8

=≈≤ ∑
=

−

x

x

x
eX

Continuous Distribution
Recall the relative frequency histogram

widthclass
frequency relative density =

Continuous Distribution

widthclass
frequency relative density = ( ) ( )

t
xtx   toup r.f. cumulative  toup r.f. cumulative  density −+=

tx +x

Probability Density Function

( ) ( ) ( )
t

xXtxXxf
t

≤−+≤=
→

PrPrlim
0
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0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.5 1 1.5 2

x

f(x
)

( )5.0Pr ≤X

( )5.0f

( )5.11Pr ≤≤ X

Distribution Function

( ) ( ) 20 ,    2
4
3 <<−= xxxxf

( ) 15625.05.0Pr =≤X

( ) 34375.05.11Pr =≤≤ X

……

( ) ( )xXxF ≤= PrDistribution function ( )323
4
1 xx −

( ) ( )5.05.0Pr FX =≤ ( ) ( ) ( )15.15.11Pr FFX −=≤≤

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.5 1 1.5 2

x

f(x
)

( )xf

x

( )xF

Mean and Variance

Variance

Mean

Continuous
pdf

Discrete 
pmf

( ) ( ) ( ) 2222 µµ −=−= ∫ dxxfxXEXVar

( )xf

( )∫= dxxxfµ

( ) ( )∫ −= dxxfx 22 µσ

( )xp

( )∑= xxpµ

( ) ( )∑ −= xpx 22 µσ

Exponential Distribution
Example: N (t ) = no. of customers arrived before time t

0time t

Assumptions :

1. Independence of non-overlapping time intervals

2. Customers won’t cluster in a short interval

3. Probability of arrival in a short interval ∝ length of interval

( )( ) ( ) ,...2,1,0 ,     
! 

Pr ===
−

y
x

teytN
xt λλ

( ) ?Pr =≤ tT

t

( )( )0Pr1 =− tN

Exponential Distribution
Example: T = waiting time until the first customer arrive

0time

T

( )( )0Pr >tN ( )
! 0

1
0te t λλ−

− te λ−−1

( ) 0=⇔> tNtT

T

( )
( ) ( ) t

t

etFtf
etF

λ

λ

λ −

−

==
−=
'

1 ( )λExpT ~

T

( ) 0>⇔≤ tNtT

Exponential Distribution

( )
λ
1=TE

( ) 2

1
λ

=TVar

( ) ?2|6Pr =>> TT
( )
( )2Pr

 6Pr
>
>

T
T ( )( )

( )( )22

62

11
11

−

−

−−
−−

e
e000335.0 ( )4Pr >T

Exponential Distribution
Example : Average 2 failures of a machine in one day

Assume Poisson process

time unit = day λ = 2

T = time till the first failure ( )2~ ExpT

( )
2
1=TE ( ) ( ) ( )( ) 000335.011414Pr 42 =−−=−=> −eFT

( )
( )2Pr

2  and  6Pr
>

>>
T

TT

Day 0 2 6Day 0 4

( ) ( )bTaTbaT >=>+> Pr|Pr Memoryless
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Gamma Distribution

( ) ( ) 0,   1 >
Γ

= −− xexxf xλα
α

α
λ

( ) ∫
∞ −−=Γ

0

1 dxex xααGamma function

( ) 11 =Γ ( ) ( ) ( )11 −Γ×−=Γ ααα ( ) ( )! 1−=Γ nn

( )λα ,~ ΓXGamma distribution

( )
λ
α=XE ( ) 2λ

α=XVar

Gamma Distribution

Gamma Distribution
Example : Average 20 phone calls per hour

0time

Assume Poisson process

time unit = hour λ = 20

T

T = waiting time until the 8th call ( )20,8~ ΓT

( ) mins 24hour 4.0
20
8 ===TE

( ) ( ) ( )
( )∫ =

Γ
−=≤−=> −8.0

0

207
8

?
8

2018.0Pr18.0Pr dxexTT x

Chi-Square Distribution








Γ≡
2
1,

2
2 r
rχ

( ) 






Γ⇔Γ
a

aXX λαλα ,~,~

( ) ( )1,~,~ αλλα Γ⇔Γ XX ( ) 






Γ⇔Γ
2
1,~2,~ αλλα XX ( ) 2

2~2,~ αχλλα XX ⇔Γ

2
162

1,8~40 χ≡






Γ⇔ TExample : ( )20,8~ ΓT

( ) ?8.0Pr =≤T( ) ( ) ( ) 99.032Pr3240Pr8.0Pr 2
16 =≤=≤=≤ χTT

Chi-Square Distribution
( ) ( ) 0,     

22
1 2

1
2

2 >
Γ

=
−−

xex
r

xf
xr

r

( ) rXE =

( ) rXVar 2=

Chi-Square Distribution Table

2
16~ χX

( ) 99.032Pr =≤X

2
13~ χX

( ) 05.0892.5Pr =≤X

2
8~ χX

( ) 95.0     ?     Pr =≤X 51.15
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Normal Distribution

( ) ( ) ∞<<−∞






 −−= xxxf ,      

2
exp

2

1
2

2

2 σ
µ

πσ

( )2,~ σµNX

( )1,0N

( )2,0N

( )3,0N

( )2,4N

Standard Normal Distribution

( ) ( )xXx ≤=Φ Pr

( )1,0~ NX

( )xΦ

a b

( ) ( )ab Φ−Φ
( )

( ) ( )ab
bXa
Φ−Φ=

≤≤
       
Pr

( )1−Φ ( )11 Φ−

( ) ( )xx Φ−=−Φ 1

Standard Normal Distribution Table
( )1,0~ NX

( ) ( ) 9850.017.217.2Pr =Φ=≤X( ) ( )
1746.0

8264.0194.0194.0
=

−=Φ−=−Φ ( ) ( )
?

9798.0Pr
=

=Φ=≤
c

ccX
05.2=c

Interpolation

( ) ( )
( ) ( )( )91.092.07.0                 

91.0917.0
Φ−Φ+

Φ≈Φ
( )81868212.07.0   

8186.0
−+

≈                              8204.0≈

Normal Distribution ( )2,~ σµNX

( )1,0~ NX
σ
µ−

Standard/Normal Score

( )








 −Φ−






 −Φ=








 −≤−≤−=≤≤

σ
µ

σ
µ

σ
µ

σ
µ

σ
µ

ab

bXabXa PrPr

( ) ( ) ( ) %2.68682.011Pr ==−Φ−Φ=+≤≤− σµσµ X

( ) ( ) ( ) %4.94944.02222Pr ==−Φ−Φ=+≤≤− σµσµ X

( )22,~ σµ abaNbaX ++

Normal Distribution
Example : Overall scores approximately normal with mean 74.3 and sd 11.8

( )28.11 , 3.74~ NX

( ) 






 −Φ−=>≈
8.11

3.7485185Pr X% of higher than 85

( ) %22.188178.01907.01 =−=Φ−=

95% can pass ⇒ passing mark = ?

( ) 95.0
8.11

3.74195.0Pr =






 −Φ−⇒=≥ ccX

55889.54645.1
8.11

3.74 ≈=⇒−=−
⇒ cc


