Random Variables

Example: genders of 3 children

Y = Difference in no.
of each gender

Y(BBB) =
Y(GBG) = 1
Y(GGG) = 3

Pr(x =2)=Pr({BBG,BGB,GBB} ) =0.375
PrlY =2)=Pr(g)=0

Mathematical Expectation

Example: Sic Bo ( ) Toss 3 fair dice
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Best strategy : don’t bet!

- L] E][ oﬁ

Bet option 1 : win $24 if same number on three dice, otherwise lose $1

Bet option 2 : win $k if there are k dice faced up as six, otherwise lose $1

Mean and Variance

Example: investment
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Probability Mass Function

p (0) = Pr(X = 0) = Pr({GGG}) = 0.125
p (1) = Pr(X = 1) = Pr({BGG, GBG, GGB}) = 0.375
p(2) = Pr(X = 2) = Pr({BBG, BGB, GBB}) = 0.375
P (3) = Pr(X = 3) = PR({BBB}) = 0.125
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Mathematical Expectation

Expected value of random variable X E(X)= mzh;Xp X

E(x?)=Xx*p(x)
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Expected value of log( X) Ellog X ) =2 (logx)p(x
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E(5 +3x* 107X )=5€(x) + 3£(x*) -10EL/x]

() E(x)

Expected value of X2

Mean and Variance

Sample f Populatlon
Use relative frequency Use pmf

Elaax +c=aX +ctC

Var(a:S2,, =a’S2r(X)

ax+c




Mean and Variance

Example : water flow

LBl

Pr(i open) = Pr(ii open) = Pr(iii open) = 0.8
Y = no. of open paths from A to B Yyo{o,1,2}
p(2)=0.512).8 p(0) = 0.0721- p(L) = 0.4160) - p(2)
E(Y)=1.44).072E(y ?) = 2.464).0'Var(Y ) = 0.3904- (L.44)° 512

E(x)=80E(Y) =115.2 [MVar(X ) = 802Var(y ) = 2498.56

Binomial Distribution
Example: n=4, m=0.2

Outcome FFFF

Binomial Distribution

Example: 50 Multiple choice questions
Correct: 2 marks  Incorrect: -1 mark

X = no. of correct answers by pure guess
E(X)=(50/0.2)=10
Pr(X =15)= p(15)=,,C,(0.2)°(0.8)* =0.02992

Y =2xX +(~1)x(50~X)=3X ~50 4393 ¢ 9507
E(Y)=E(3X -50)=3E(X)-50=3x10-50=—20
Var(Y)=Var(3X -50)=9var(X )=9x8=72

Pr(Y >40)=Pr(3X —50=>40)=Pr(X 230)=0

Binomial Distribution

Bernoulli Experiment/Trial

e

Correct / Wrong Sup / Opp Def / Non-def

X = No. of successes in nindependent Bernoulli trials

X is said to have a ution with 7 trials
and success prob.

Binomial Distribution

T N S SR (Bl Binomial Theorem

x=0

Poisson Distribution

Example: no. of customers arrived before time ¢

n intervals

e

time 0
h=tln

Assumptions :

1. Independence of non-overlapping time intervals
2. Customers won't cluster in a short interval

3. Probability of arrival in a short interval O length of interval




Poisson Distribution

E(Y )=VarlY )=6

Poisson process : N ( t) = no. of occurrences within [ 0, £]

A= number of occurrences per

Poisson Approximation to Binomial

If n islarge and 77 is small,
binomial can be approximated by Poisson.

SZWIJ Sl X ~ b(8000,0.001
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Pr(x <7)=3 28
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=0.45302.999

Continuous Distribution

Monthly salary of 5000 workers under 25 Monthly salary of 5000 workers under 25
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Poisson Distribution

Example :-average 3 phone calls per hour
time unit =1 hour, A =3

Pr(at least 2 phone calls in one hour) = Pr(N (1) > 2)

Continuous Distribution

Recall the relative frequency histogram

Monthly salary of 5000 workers under 25
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Probability Density Function

Monthly salary of all workers under 25

Probability Density Function

Pr(X < x+t)-Pr(X <x)erf.uptox)
t




Distribution Function

f(x):%x(z—x) ,0<x<2

Distribution function Em

Pr(X <0.5)=F(0.5) Pr(l< X <15)=F(L5)-F(1)

Exponential Distribution

Example: NV (¢) = no. of customers arrived before time ¢

—_—
time 0

t
Assumptions :

1. Independence of non-overlapping time intervals
2. Customers won't cluster in a short interval

3. Probability of arrival in a short interval O length of interval

Exponential Distribution
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Mean and Variance

Discrete Continuous
pmf pdf
Mean
.

Variance
- ot =3 (x - 4) p(x) g° = be=pf b

Exponential Distribution

Example: 7 = waiting time until the first customer arrive
7T T

Exponential Distribution

Example : Average 2 failures of a machine in one day
Assume Poisson process

time unit = day A=2

T = time till the first failure

Pr(T >4)=1-F(4)=1-

1-(1-e?%)=0.000335

T ~ Exp(2)

PelT <2 and T <9

Pr(T >a+b|T >a)

Memoryless



Gamma Distribution Gamma Distribution

. - Gamma densities (o.=4)
Gamma function

Ma)=(a-1)xr(a-1) r(n)=(n-1)!

Gamma distribution  FEAR(:))

Gamma Distribution

Example : Average 20 phone calls per hour
Assume Poisson process

Chi-Square Distribution

~(a,1) & ax ~ r[a A
time unit =hour A =20

. X ~T(a,A) = 2AX ~ x2,

R

_ r 1
time 0 - F[E'E)

T = waiting time until the 8t call T~ F(8,20)

Example : g 8,20)[ =
. _ LT - (820)] - 407 - F
E(T):E:O.Ahour:24m|ns

8 Pr(T <0.8 Pr4OT<32
Pr(T >0.8)=1-Pr(T <0.8) =1—j0°8% Xe®dx =2 ( )= )

Chi-Square Distribution Chi-Square Distribution Table
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Normal Distribution

Standard Normal Distribution Table
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Normal Distribution

Example : Overall scores approximately normal with mean 74.3 and sd 11.8

X ~N(74.3,11.8°

8!
her than 85 =PF(X >85)= ( T ]

=1-®(0.907) =1-0.8178 =18.22%

95% can pass = passing mark = ?
c-743

Pr(X 2¢)= 0.95:>1—¢'(
11.8

): 0.95

CoTA3 _ ) 645— c=54889 =55
118

Standard Normal Distribution

Standard Normal Density X ~N(0)

(x)=Pr(X <x)
- o(o)- ()
o(-x)=1-(x)

Normal Distribution

Pr(u—20< X < p+20)=®(2)- d(-2) = 0.944 = 94.4%




